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Abstract

The free vibration behaviors of functionally graded porous plates with complex cut-outs are
investigated according to a novel CO type high order shear deformation theory. Both the effect
of normal and shear strains are included in this theory as well as shear correction factor is not
needed in it. Numerical results have been presented and compared with those available in the
literatures. The influences of some parameters like porosity factor and the exponent graded are
also studied in this paper. Some new results are finally presented as benchmark for further
validation in the future.

Keywords: functionally graded porous plate; complex cut-out; free vibration; novel CO type
theory; porosity; high order shear deformation theory.

Introduction

In this era, functionally graded materials with many advantages have been used in various
branches of technology. Based on a mixture of ceramic and metal and provided the continuous
variation of properties through the thickness of plate, this material has achieved more attention in
specific applications, such as nuclear tank, heat exchanger tubes, rocket heat shields,
thermoelectric generators, heat-engine components, plasma facings for fusion reactors [1-4], etc.
The concept of functionally graded material was first considered in Japan in 1984 during a space
plane project, where a combination of materials used would serve the purpose of a thermal barrier
capable of withstanding a temperature gradient of 1000 K across a 10 mm section and a surface
temperature of 2000 K. The manufacturing process is main reason for the existence of porosities
within the materials. Functionally graded porous materials provide desirable properties for some
applications as well as the undesirable in others where voids may cause serious problems related
to concentrated stresses around them. The change in porosity in multi-directions can lead some
drawbacks in the capacity of structures. This material has two types of porosity and then the
material modulus are strongly influenced by several parameters. In reality, the prediction of
porous materials’ properties is not simple because of various reasons, and need to have as much
knowledge about it as possible [5-7]. On the other hand, in general cases with complicated
geometries or complex conditions, etc., the analytical solutions are also limited.

There are various papers related to the theory of plate structures. For example, author
Reddy [8, 9] used a higher-order shear deformation theory (HSDT) to analyse laminated plates
for bending, free vibration or buckling behaviors. This theory accounted for parabolic distribution
of the transverse shear stresses as well as required no shear correction coefficients. Another
simple theory of high-order shear and normal deformation theory was given by Merdaci [10] for
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bending behavior of functionally graded plates with porosity. The stresses at the lower and upper
surfaces of the plate are equal zero without using the shear correction factor. Besides, by using
Navier's technique, the solution to the problem according to the functionally graded porous plate
was solved. A simple integral hyperbolic higher-order shear deformation theory, with
undetermined integral terms and only four unknowns, was given by Tahir et al. [11] to formulate
a solution for the waves’ dispersion relations. The wave propagation’s governing equations were
derived based on the present integral hyperbolic higher-order shear deformation theory using
Hamilton’s principle. The eigenvalue problem describing the functionally graded porous plate
dispersion relations resting on a viscoelastic foundation was analytically determined. In the paper
of Mellal et al. [12], a quasi-3D shear deformation theory was used to predict the wave
propagation in functionally graded porous plates resting on Winkler-Pasternak foundation. This
theory had a new displacement field that included indeterminate integral terms as well as contains
fewer unknown variables taking into account the effect of transverse shear and thickness
stretching. In other way, Kumar et al. [13] presented the free vibration response of elastically
supported porous bidirectional functionally graded soft-core sandwich rectangular plate with
proposed new tangent shape function-based higher-order transverse shear deformation theory.
This theory was accomplished to uphold the continuity of transverse shear stresses and zero shear
stress conditions on both the extreme surfaces of a plate. By using the Hamilton principle, the
governing equations of motion were achieved. These equations were also discretized by the
inverse multi-quadric radial basis function-based collocation method and strong form
formulation. Their theory and method’s accuracy and efficacy were validated and shown that the
results of their theory are in close agreement with 3D approach., etc.

It is known that the third-order shear deformation plate theories are the accurate and
effective theories due to the modification of the transverse shear components along the thickness
of plate and the shear locking free. A novel third-order shear deformation plate theory related to
meticulous kinematics of displacements was firstly introduced by the author Shi [14]. The results
obtained by the Shi’s theory have indicated to be reliable and highly accurate. Beside the
analytical approaches, the finite element method is also used in the structural analyses as in [15-
17]. For example, based on the MITC3+ shell finite elements, the displacement fields of the
higher-order shear deformation theory of Reddy were interpolated by usual linear functions of
the three-node triangular element and a cubic supplemented function associated with a node
located at the centroid of the element. The transverse shear strain fields were separately
approximated to overcome the shear-locking phenomenon. The ES strategy was employed to
improve the in-plane strain fields and the in-plane stiffness matrices were calculated by using the
line integration on the boundary of the smoothing domains respectively [18]. A few more studies
related to functionally graded porous materials are also presented in [19-21]. For instance, to
address the interfacial failure problem while maintained the main advantageous features in
layered sandwich structures, a novel functionally graded porous plate was given by Chen et al.
[21] where the functionally graded porosity offered a smooth stress distribution along the plate
thickness so that the remarkable stress mismatch that leaded to interfacial failure in the
conventional sandwich structures could be avoided, etc.

Last of all, the free vibration analysis of functionally graded porous plates with complex
cut-out using the finite element method and the C-type of Shi’s theory is firstly presented in this
paper as the main concern. The rest sections are established. The brief of functionally graded
porous plates, including the two kinds of porosity and the formulation for free vibration analysis
are given in Sect.2. The solutions of this study are presented and compared with others from some
references in Sect.3. Sect.4 gives out some necessary notes.
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Finite element formulation

Consider a functionally graded porous plate with geometrical properties as length a, width
b, and thickness h. The coordinate system is depicted in Figure 1. The plate is constructed from
a functionally graded material across the thickness direction.

V,=(z/h+05)" and V, =1-V, with n>0 1)

The porosity volume function o (0 < a < 1) for non-homogeneous material is also
described in equations (2-3). In such a way, the material properties related to porosity can be
illustrated as:

P(za)=(P,-P)V, +P-a(P,+P,)/2 even porosity )

P(z,a) = (Pm -P )Vm +P -a(Pm +P, )(0.5-|z|/h) uneven porosity 3)

The Shi theory is recalled in this paper for three-dimensional displacement field (us, Uz, Us):

5 1
u (%, y,2) =uy, (X, y)+(zz + rz3jﬂX (%, y)+[zz + rzsjum (x,y) (4)
5 s 1 s
Uy, (X, y,2) =ug, (X, y)+(zz +rz )ﬁy (x, y)+(zz +rz juosly (x,y) (5)
(6)
Evznporesity Unsven porosity
Fig 1. The functionally graded porous plate with both kinds of porosity [22]
This displacement field can be rewritten under C°-type of HSDT as follows:
1 3 b 5 3 s
U (X, y,2) =g (X y)+(zz+rz )ﬂx (%, y)+[zz+ rz ),Bx (x,y) (7
1 3 b 5 3 s
Uy (X, Y, 2) =ug, (X, y)+(zz+rz jﬂy (x, y)+(zz+rz J,By (x,y) (8)
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Us (%, ¥,2) = Uy (x,Y) )

Using the small strain assumptions with three axial and transverse displacements (u,,, u,,

, u,,), four rotations due to the bending (4., 8, ) and shear effects (5;, ), the strain fields can
be shown as follows:

Uy by (881 B )2+ (1L 417 (10)

5 =l 5 (555, 4 B, )2+ (15, + 1B, )7 (11)

£y = Uy, +Up, +%(5,ij FB RSB B )2 (B B 4 B )7 (12)
v, :%(w;+ﬁ;+4u03,y)+3r(ﬁ;+ﬂ;)z2 (13)

7= (68 B g, )+ 30 (B4 )7 (14)

In matrix form:

{i}:{§}+{;}z+{yo}z+{z}z (15)

with:
)
€ = % _auoz OUlyy +% (16)
ox oy oy X
1 S S s s T
o= (5 +8L) (58, +5),) (5B, +565.+ Bl + 5] an
S S T
e =t B 4B By +By Byt B+ B+ B, ] (18)
1 s . T
Yo =5 [58; + B + Mg, 5B+ +4uns, ] (19)
S S T
v, =3B+ B Bi+B ] (20)

The constitutive equation is given by:
6 =D, (2)(e, +2¢, + 2°€3) (21)
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=D, (2)(v, +2'7;) (22)

- o=[on oy on]iv=lrn w] @)
DI(Z)=1_EV((ZZ))2 v(:z) V(12) (H(gz))/z (24)

o0 Senialo @

By introducing four-node quadrilateral element with seven degrees of freedom per node,
the approximate displacements can be computed as:

uoque (26)
with
s s T
U=ty U Us B By B B] (27)
N=[N, N, N, N,] (28)
qe = [Q1e QZe q3e qu ]T (29)

Nand g,are the shape function and the unknown displacement vectors. From the
equations (15+29), the strains can be calculated:

e=(8,+8, +8;)q (30)
Y= (54 "‘Es)% (31)
in which:
LN, 0 0 00
B,=»| 0 N, 00000 (32)
NG, Ny 000
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000 %Nivx 0o In, o
4
- 5 1
E,=Y[0 00 0 Ny 0 Ny
- 5 5 1 1
0.0 0 —Niy Nig Ny 2N,
4|0 0 0 rN;j, 0 rNj, O
H3=)[0 00 0 Ny, 0 N,
o 0 0 Ny, PN, TN, TN

[1]

=2

(00N, 0 2N 0 N
i=1

00 Ny N 0 =N 0

[1]

‘ZOOO 0 3N, 0 3N
> &0 003N 0 3N 0

4
i=1 !

(33)

(34)

(35)

(36)

The whole of forces, moments as well as the higher-order of them can be calculated as

below:

N= {N N I\_lxy}T = hf {O'x o, O'Xy}TdZ:hj'2 D, (2) (30 +28, + 2383)dZ

-h/2 -h/2

h/2 h/2

M={M, M MW}T: j {o, o, o-xy}Tzdz: J D,(2) (g, + 28, + °¢, ) 20z

-h/2 -h/2
T h/2 T h/2
P:{ P, ny} = j{ax o, o, 2’dz= f Dl(Z)(80+281+23£3)Z3dZ
-h/2 -h/2
_ T h/2 T h/2
Q:{Qy QX} = I {Tyz sz} dz = J. DZ(Z)(~{0+ZZ~{2)dZ
-h/2 -h/2

{z, rXZ}Tzzdz = hj'z D,(2) (v, +2°v,)2°dz

-h/2

Py
Il
—_—~—
o

|
zZ
!
1]
-
=

@37)

(38)

(39)

(40)

(41)
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They are rewritten in the matrix form:

N) [¥, ¥, ¥, 0 07z
M| |¥, ¥, ¥, 0 O ||g
Pi=|¥, ¥, ¥, 0 0 |g (42)
Q 0 0 0 ¥ ¥y,
R 0 0 0 ¥ ¥y,
With:
h/2
(9,9, ¥, ¥, ¥, %)= j (1, z,2°, 2%, %, 2°)D,(2)dz (43)
-h/2
h/2
(¥, %, %)= [ (12 2°)D,(2)dz (44)

-h/2

The total strain energy of plate structure due to the whole of forces, moments and the
higher-order of them can be given by:

U:%IsTch— ) qudA:%qgj +EIW,E, +El V5, +EI VB, |dAq, qejNdeA (45)
Ve A — = — = =T\fy =
+EPE, +E Y8 +EPE,
+E P,E,
1
U=2a.Kd. -q.F qe[ K.d, - j (46)

The Kinetic energy is shown:
_ 1 -T . — 1 . T TaT < 1 T .
=~ [WTp(@)idV =240 [N'STp@)SNAV 14, =M., (47)
vV, V,

In which S is clearly decribed as:

10 (iz+r23]i (§z+rz3J 0
4 ox \4
S=(0 1 (£z+rz3ji 0 (§z+rz3j (48)
4 oy 4
00 1 0 0

and the matrix Me is described here:
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M, = j N"S"p(z)SNdV = /{ N' [ I p(z)sTSdszdA (49)

-h/2
The natural frequencies o can be calculated from:
(K-0’'M)d=0 (50)
Verification problems

Now, the verification problems for free vibration behavior of functionally graded porous
plates with complex cut-outs are given. Both the simply supported and fully clamped boundary
conditions are used in this study. The simply supported (SSSS) boundary condition for this finite

element procedure is Uy, = Uy = f; :ﬂ;’ =0,at x=0,a, Uy, =U,=8 =" =0,at y=0,b
and the fully clamped (CCCC) boundary condition is Uy, =Ug, = Uy, = 8 = B, = 5; = B, =0, at
x=0,a and y=0,b.

Besides, the functionally graded material properties made of the ceramic (Al,O3) and the
metal (Al) are given as Ec = 380 GPa, p. = 3800 kg/m?, v = 0.3, Em = 70 GPa, pm= 2702 kg/m?,
vm =0.3.

a/5 | 2al5 2a/5

—5
a/5
2a/5
a
2a/5
v

-

Fig 2. The functionally graded porous plate with complex cut-out I: geometry properties,
425 quadrilateral elements

Firstly, the functionally graded porous plate with complex cut-out I is considered in this
section. The geometric properties based on a = 10 m and finite element meshing with 425
quadrilateral elements can be seen in Fig. 2. Both boundary conditions SSSS and CCCC are used

in this problem. The frequency of plate is also normalized by formulating @ =wa’,/p,/E, /h.

Table 1 presents the comparison of the first four normalized frequencies related to this method
when porosity factor equals 0 with other methods from other references [23 (*), 24 (**)] using
quasi-3D and 3D isogeometric approaches. It can be seen that these proposed values have a good
agreement with others from references. Fig. 3 reinforces the above observation respectively.
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Table 1. The first four normalized frequencies of SSSS/CCCC functionally graded plate
with complex cut-out | and a/h = 20

SSSS (@ =0, a/h = 20)

Mode n=0 n=05
(@) (** Present *) (** Present
1 7.156 7.160 7.151 6.737 6.750 6.263
2 11.618 11.650 11.556 10.954 11.000 9.998
3 13.107 13.090 13.035 12.355 12.360 11.958
4 20.993 20.990 21.039 19.797 19.840 190.122
CCCC (2 =0, ath =20)
Mode n=0 n=05
*) (**) Present *) (**) Present
1 15.792 15.850 15.858 14.896 14.980 14571
2 27.237 27.280 26.632 25.714 25.790 24.818
3 27.351 27.450 27.233 25.821 25.950 25.340
4 33.107 33.220 32.973 31.286 31.440 30.306

Table 2. The SSS/CCCC functionally graded porous plate with complex cut-out I, even porosity,
o= 0.4, a’/h = 20 and first six normalized frequencies

(e = 0.4, a’lh = 20, Even porosity)

CCcCC SSSS
Mode n=0 n=05 n=1 n=0 n=05 n=1
1 17.008 13.350 10.142 7.669 6.366 5.533
2 28.561 22.466 17.083 12.393 9.993 8.181
3 29.205 22.984 17.482 13.980 11.226 9.095
4 35.361 27.916 21.301 22.563 18.001 14.328
5 36.517 28.843 22.019 24.208 19.084 14.654
6 44.208 35.010 26.797 34.434 27.272 21.179

Complex cutout I, 3883/CCCC, a=0, a'h=20
35 . . : . .

=
2 : - 2%
Soasl e P ittt U s ]
2, L 0 T —e—n=05 8888 o :
2 L7 n=0.5, 5958, o9
5 b1 TP 7 / .......... —4—1n=0.5, 3388, present
k! ¢¢ 5 —8 —n=05, CCCC, ®
= Vi : n=0.5, CCCC, ¢ -
E 15%?...... b gm0 8 COTC, present A

Mode

Fig 3. Comparison of the first four normalized frequencies of functionally graded porous plate
witha=0,n=0.5and a’h = 20

When porosity factor o = 0.4 and length to thickness ratio a/h = 20, the first six normalized
frequencies of the functionally graded porous plate can be achieved with two kinds of porosity
like even and uneven porosity. Tables 2 & 3 give these results under two boundary conditions
SSSS and CCCC. We can see that, increase in n from ceramic phase to metal phase reduces the
value of natural frequency because of the less stiffness of the plate. Moreover, the highest
frequency is obtained for CCCC functionally graded porous plate and the lowest frequency is
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given for the SSSS condition due to the restraints of vibration on the boundaries of structure,
respectively. Last but not least, the first six mode shapes of functionally graded porous plate with
complex cut-out I, a/h = 20, n = 0, o = 0.4, even porosity and CCCC boundary condition are
depicted in Fig. 4.

Table 3. The first six normalized frequencies of SSSS/CCCC functionally graded porous plate
with complex cut-out I, uneven porosity, a = 0.4 and a/h = 20

(a = 0.4, ath = 20, Uneven porosity)

CCcCC SSSS
Mode n=0 n=05 n=1 n=0 n=05 n=1
1 16.775 14.164 12.468 7.590 6.614 6.147
2 28.118 23.767 20.920 12.234 10.483 9.480
3 28.739 24.302 21.377 13.804 11.802 10.635
4 34.746 29.424 25.906 22.262 18.961 16.968
5 35.870 30.383 26.750 23.853 20.181 17.826
6 43.368 36.782 32.401 33.906 28.759 25.491

®

| “
‘-’ ‘ 3 1 4
G - N 4

#4 #5 #6
Fig 4. The first six mode shapes of functionally graded porous plate with complex cut-out I,
a/h=20,n=0, a = 0.4, even porosity and CCCC

TN B

10

10

0

Fig 5. The functionally graded porous plate with complex cut-out Il: Geometry properties,
318 quadrilateral elements

Secondly, the functionally graded porous plate with complex cut-out Il as Fig. 5 is further
reviewed in this paper. Once again, when porosity factor a = 0, length to thickness ratio a/h =20
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and under two kinds of boundary condition, the normalized frequency @ = wa®\[p, / E, / h of this

structure is calculated by using the proposed method. The first four normalized frequencies are
shown and compared in Table 4. We can see that these values have a good agreement with others
based on quasi-3D isogeometric approach [23 (*)]. Fig. 6 reinforces the above comment
respectively. Besides, Tables 5 & 6 also present the first six normalized frequencies of
SSSS/CCCC functionally graded porous plate with complex cut-out I, « = 0.4, a/h = 20 and two

types of porosity.

Table 4. The first four normalized frequencies of SSSS/CCCC functionally graded plate
with complex cut-out Il and a/h = 20

SSSS (& = 0, a/h = 20)

Mode n=0 n=0.5 n=1
(@) Present *) Present *) Present
1 7.902 7.861 7.441 7.317 7.269 7.013
2 11.419 11.459 10.770 10.099 10.522 10.004
3 12.822 12.774 12.097 11.976 11.818 11.438
4 21.498 21.508 17.078 16.890 16.767 16.225
CCCC (2 =0, ath =20)
Mode n=0 n=05 n=1
*) Present *) Present *) Present
1 19.445 19.350 18.352 18.088 17.929 17.391
2 21.980 21.908 20.768 20.137 20.289 19.989
3 29.125 29.132 27.519 27.099 26.883 26.013
4 37.974 37.904 35.930 35.267 35.099 34.876

Comnplex cutout I, 3383/CCCC, a=0, a'h=20

40 T T T T T
i : : v

Wormalized frequencies

Mode

Fig 6. Comparison of the first four normalized frequencies of functionally graded porous plate
witha=0,n=0,0.5& 1and a/h =20

Table 5. The first six normalized frequencies of SSSS/CCCC functionally graded porous plate
with complex cut-out I1, even porosity, « = 0.4 and a/h = 20

(a = 0.4, ath = 20, Even porosity)

CCcCC SSSS
Mode n=0 n=05 n=1 n=0 n=05 n=1
1 20.752 16.290 12.370 8.431 7.013 6.135
2 23.495 18.504 14.101 12.289 9.986 8.297
3 31.243 24.598 18.720 13.700 10.990 8.859
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(a = 0.4, alh = 20, Even porosity)

CCcCC SSSS
Mode n=0 n=0.5 n=1 n=0 n=05 n=1
4 40.650 32.139 24,555 23.066 18.528 15.003
5 42.848 33.903 25.923 28.127 22.133 16.952
6 52.665 41.731 31.928 36.453 29.019 22.820

Table 6. The first six normalized frequencies of SSSS/CCCC functionally graded porous plate
with complex cut-out 1, uneven porosity, o = 0.4 and a/h = 20

(o= 0.4, a’h = 20, Uneven porosity)

CCCC SSSS
Mode n=0 n=0.5 n=1 n=0 n=0.5 n=1
1 20.460 17.276 15.205 8.342 7.278 6.778
2 23.129 19.563 17.225 12.130 10.440 9.502
3 30.743 25.994 22.887 13.522 11.553 10.392
4 39.907 33.817 29.781 22.750 19.451 17.515
5 42.047 35.646 31.396 27.719 23.428 20.677
6 51.614 43.787 38.558 35.866 30.504 27.150

Finally, these six mode shapes are depicted in Fig. 7 as a demonstration of the stability of
the proposed element without hourglass phenomenon.

A\ F

#1 #2 #3
- «

> » o
S~ - -
#4 #5 #6

Fig 7. The first six mode shapes of functionally graded porous plate with complex cut-out Il,
a/h=20,n=1, a = 0.4, even porosity and CCCC.

Conclusions

A novel approach for scrutinizing systematically free vibration analysis of functionally graded
porous plates with complex cut-outs has been introduced. The C%-type HSDT which involves
seven independent unknowns is provided for the vibration analysis. Both the effect of shear strain
and normal deformation are included in the present study and so it does not need any shear
correction factor. Functionally graded porous plates with two kinds of porosity are considered
and modeled by several meshing. The effectiveness and accuracy of the present approach have
been verified by simulating the relevant numerical examples and comparing the results with the
available reference solutions.
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